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Generative Models: Structure (Exercise 1)

Let’s start with an example where one wishes to model

P(Y ,X )=P(Y ,X 1,X 2,X 3,X 4) .

Chain rule (probability):

P(Y ,X )=P(Y |pa(Y ))
M∏

m=1
P(X m|pa(X m)) .

X 1 X 2

X 3 X 4 Y

l pa(Y )=;, pa(X 1)=;
l pa(X 2)=???
l pa(X 3)=???
l pa(X 4)=???

Chain rule gives us
P(Y ,X )=??? .
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Generative Models: Structure (Solution 1)

Let’s start with an example where one wishes to model

P(Y ,X )=P(Y ,X 1,X 2,X 3,X 4) .

Chain rule (probability):

P(Y ,X )=P(Y |pa(Y ))
M∏

m=1
P(X m|pa(X m)) .

X 1 X 2

X 3 X 4 Y

l pa(Y )=;, pa(X 1)=;
l pa(X 2)= {Y ,X 1}

l pa(X 3)= {Y ,X 1}

l pa(X 4)= {Y ,X 2,X 3}

Chain rule gives us

P(Y ,X )=P(Y )P(X 1)P(X 2|Y ,X 1)P(X 3|Y ,X 1)P(X 4|Y ,X 2,X 3) .
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MLE with Examples (Exercise 2)

l Y = {A,B,C}

l X 1 = {d ,e}

l X 2 = {f ,g,h}

n Y X 1 X 2

1 A d f
2 A d g
3 A e g
4 B d f
5 B e g
6 C d f
7 C e f
8 C e g

nA = 3 nB = 2 nC = 3
θA = 3/8 θB = 1/4 θC = 3/8

n1,d
A = 2 n1,e

A = 1 θ1,d
A = 2/3 θ1,e

A = 1/3

n1,d
B = 1 n1,e

B = 1 θ1,d
B = 1/2 θ1,e

B = 1/2

n1,d
C = 1 n1,e

C = 2 θ1,d
C = 1/3 θ1,e

C = 2/3

n2,f
A =??? n2,g

A =??? θ2,f
A =??? θ

2,g
A =???

n2,f
B =??? n2,g

B =??? θ2,f
B =??? θ

2,g
B =???

n2,f
C =??? n2,g

C =??? θ2,f
C =??? θ

2,g
C =???

n2,h
A =??? n2,h

B =??? n2,h
C =???

θ2,h
A =??? θ2,h

B =??? θ2,h
C =???
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MLE with Examples (Solution 2)

l Y = {A,B,C}

l X 1 = {d ,e}

l X 2 = {f ,g,h}

n Y X 1 X 2

1 A d f
2 A d g
3 A e g
4 B d f
5 B e g
6 C d f
7 C e f
8 C e g

nA = 3 nB = 2 nC = 3
θA = 3/8 θB = 1/4 θC = 3/8

n1,d
A = 2 n1,e

A = 1 θ1,d
A = 2/3 θ1,e

A = 1/3

n1,d
B = 1 n1,e

B = 1 θ1,d
B = 1/2 θ1,e

B = 1/2

n1,d
C = 1 n1,e

C = 2 θ1,d
C = 1/3 θ1,e

C = 2/3

n2,f
A = 1 n2,g

A = 2 θ2,f
A = 1/3 θ

2,g
A = 2/3

n2,f
B = 1 n2,g

B = 1 θ2,f
B = 1/2 θ

2,g
B = 1/2

n2,f
C = 2 n2,g

C = 1 θ2,f
C = 2/3 θ

2,g
C = 1/3

n2,h
A = 0 n2,h

B = 0 n2,h
C = 0

θ2,h
A = 0 θ2,h

B = 0 θ2,h
C = 0
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Conditional Probabilities (Exercise 3)

Given x = (x1,q1 , . . . ,xM ,qM ), for any yk ∈Y :

P(yk |x)= θk
∏M

m=1θ
m,qm
k∑

yk ′∈Y θk ′
∏M

m=1θ
m,qm
k ′

∝P ′(yk |x)= θk

M∏
m=1

θ
m,qm
k . (1)

θA = 3/8 θB = 1/4 θC = 3/8

θ1,d
A = 2/3 θ1,e

A = 1/3 θ2,f
A = 1/3 θ

2,g
A = 2/3

θ1,d
B = 1/2 θ1,e

B = 1/2 θ2,f
B = 1/2 θ

2,g
B = 1/2

θ1,d
C = 1/3 θ1,e

C = 2/3 θ2,f
C = 2/3 θ

2,g
C = 1/3

θ2,h
A = 0 θ2,h

B = 0 θ2,h
C = 0

x P ′(A|x) P ′(B|x) P ′(C|x)
(d , f ) ??? ??? ???
(e,h) ??? ??? ???
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Conditional Probabilities (Exercise 3)
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θ
m,qm
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θA = 3/8 θB = 1/4 θC = 3/8

θ1,d
A = 2/3 θ1,e

A = 1/3 θ2,f
A = 1/3 θ

2,g
A = 2/3

θ1,d
B = 1/2 θ1,e

B = 1/2 θ2,f
B = 1/2 θ

2,g
B = 1/2

θ1,d
C = 1/3 θ1,e

C = 2/3 θ2,f
C = 2/3 θ

2,g
C = 1/3

θ2,h
A = 0 θ2,h

B = 0 θ2,h
C = 0

x P ′(A|x) P ′(B|x) P ′(C|x)
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Conditional Probabilities (Solution 3)

Given x = (x1,q1 , . . . ,xM ,qM ), for any yk ∈Y :

P(yk |x)= θk
∏M

m=1θ
m,qm
k∑

yk ′∈Y θk ′
∏M

m=1θ
m,qm
k ′

∝P ′(yk |x)= θk

M∏
m=1

θ
m,qm
k . (2)

θA = 3/8 θB = 1/4 θC = 3/8

θ1,d
A = 2/3 θ1,e

A = 1/3 θ2,f
A = 1/3 θ

2,g
A = 2/3

θ1,d
B = 1/2 θ1,e

B = 1/2 θ2,f
B = 1/2 θ

2,g
B = 1/2

θ1,d
C = 1/3 θ1,e

C = 2/3 θ2,f
C = 2/3 θ

2,g
C = 1/3

θ2,h
A = 0 θ2,h

B = 0 θ2,h
C = 0

x P ′(A|x) P ′(B|x) P ′(C|x)
(d , f ) 1/12 1/16 1/12

(e,h) 0 0 0
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Optimal Decision Rules (Exercise 4)

If `(yk ′
,yk )= 1(yk ′ 6= yk ), then (See Lecture 3+Check!)

yθ` (x)= argmax
yk∈Y

P ′(yk |x)

x P ′(A|x) P ′(B|x) P ′(C|x)
(d , f ) 1/12 1/16 1/12

(e,h) 0 0 0

l If x = (d , f ), then

yθ` (x)=??? , (3)

l If x = (e,h), then

yθ` (x)=??? , (4)

Uncertainty Reasoning and Machine Learning 10
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Optimal Decision Rules (Solution 4)

If `(yk ′
,yk )= 1(yk ′ 6= yk ), then (See Lecture 3+Check!)

yθ` (x)= argmax
yk∈Y

P ′(yk |x)

x P ′(A|x) P ′(B|x) P ′(C|x)
(d , f ) 1/12 1/16 1/12

(e,h) 0 0 0

l If x = (d , f ), then

yθ` (x)= either A or C , (5)

l If x = (e,h), then

yθ` (x)= not well-defined , (6)
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NBC + DM (Exercise 5)
θk := (nk+1/3)/(N+1) , θ

m,qm
k := (nm,qm

k +1/|X m |)/(nk+1) .

l Y = {A,B,C}

l X 1 = {d ,e}

l X 2 = {f ,g,h}

n Y X 1 X 2

1 A d f
2 A d g
3 A e g
4 B d f
5 B e g
6 C d f
7 C e f
8 C e g

nA = 3 nB = 2 nC = 3
θA = 10/27 θB = 7/27 θC = 10/27

n1,d
A = 2 n1,e

A = 1 θ1,d
A = 5/8 θ1,e

A = 3/8

n1,d
B = 1 n1,e

B = 1 θ1,d
B = 3/6 θ1,e

B = 3/6

n1,d
C = 1 n1,e

C = 2 θ1,d
C = 3/8 θ1,e

C = 5/8

n2,f
A = 1 n2,g

A = 2 θ2,f
A =??? θ

2,g
A =???

n2,f
B = 1 n2,g

B = 1 θ2,f
B =??? θ

2,g
B =???

n2,f
C = 2 n2,g

C = 1 θ2,f
C =??? θ

2,g
C =???

n2,h
A = 0 n2,h

B = 0 n2,h
C = 0

θ2,h
A =??? θ2,h

B =??? θ2,h
C =???
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NBC + DM (Exercise 5)
θk := (nk+1/3)/(N+1) , θ

m,qm
k := (nm,qm

k +1/|X m |)/(nk+1) .

l Y = {A,B,C}

l X 1 = {d ,e}

l X 2 = {f ,g,h}

n Y X 1 X 2
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4 B d f
5 B e g
6 C d f
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B = 1 n1,e

B = 1 θ1,d
B = 3/6 θ1,e

B = 3/6

n1,d
C = 1 n1,e

C = 2 θ1,d
C = 3/8 θ1,e

C = 5/8

n2,f
A = 1 n2,g

A = 2 θ2,f
A =??? θ

2,g
A =???

n2,f
B = 1 n2,g

B = 1 θ2,f
B =??? θ

2,g
B =???

n2,f
C = 2 n2,g

C = 1 θ2,f
C =??? θ

2,g
C =???

n2,h
A = 0 n2,h

B = 0 n2,h
C = 0

θ2,h
A =??? θ2,h

B =??? θ2,h
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NBC + DM (Solution 5)
θk := (nk+1/3)/(N+1) , θ

m,qm
k := (nm,qm

k +1/|X m |)/(nk+1) .

l Y = {A,B,C}

l X 1 = {d ,e}

l X 2 = {f ,g,h}

n Y X 1 X 2

1 A d f
2 A d g
3 A e g
4 B d f
5 B e g
6 C d f
7 C e f
8 C e g

nA = 3 nB = 2 nC = 3
θA = 10/27 θB = 7/27 θC = 10/27

n1,d
A = 2 n1,e

A = 1 θ1,d
A = 5/8 θ1,e

A = 3/8

n1,d
B = 1 n1,e

B = 1 θ1,d
B = 3/6 θ1,e

B = 3/6

n1,d
C = 1 n1,e

C = 2 θ1,d
C = 3/8 θ1,e

C = 5/8

n2,f
A = 1 n2,g

A = 2 θ2,f
A = 4/12 θ

2,g
A = 7/12

n2,f
B = 1 n2,g

B = 1 θ2,f
B = 4/9 θ

2,g
B = 4/9

n2,f
C = 2 n2,g

C = 1 θ2,f
C = 7/12 θ

2,g
C = 4/12

n2,h
A = 0 n2,h

B = 0 n2,h
C = 0

θ2,h
A = 1/12 θ2,h

B = 1/9 θ2,h
C = 1/12
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Conditional Probabilities (Exercise 6)

Given x = (x1,q1 , . . . ,xM ,qM ), for any yk ∈Y :

P(yk |x)= θk
∏M

m=1θ
m,qm
k∑

yk ′∈Y θk ′
∏M

m=1θ
m,qm
k ′

∝P ′(yk |x)= θk

M∏
m=1

θ
m,qm
k . (7)

θA = 10/27 θB = 7/27 θC = 10/27

θ1,d
A = 5/8 θ1,e

A = 3/8 θ2,f
A = 4/12 θ

2,g
A = 7/12

θ1,d
B = 3/6 θ1,e

B = 3/6 θ2,f
B = 4/9 θ

2,g
B = 4/9

θ1,d
C = 3/8 θ1,e

C = 5/8 θ2,f
C = 7/12 θ

2,g
C = 4/12

θ2,h
A = 1/12 θ2,h

B = 1/9 θ2,h
C = 1/12

x P ′(A|x) P ′(B|x) P ′(C|x) yθ
`
(x)

(d , f ) ??? ??? ??? ???
(e,h) ??? ??? ??? ???
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Conditional Probabilities (Solution 6)

Given x = (x1,q1 , . . . ,xM ,qM ), for any yk ∈Y :

P(yk |x)= θk
∏M

m=1θ
m,qm
k∑

yk ′∈Y θk ′
∏M

m=1θ
m,qm
k ′

∝P ′(yk |x)= θk

M∏
m=1

θ
m,qm
k . (8)

θA = 10/27 θB = 7/27 θC = 10/27

θ1,d
A = 5/8 θ1,e

A = 3/8 θ2,f
A = 4/12 θ

2,g
A = 7/12

θ1,d
B = 3/6 θ1,e

B = 3/6 θ2,f
B = 4/9 θ

2,g
B = 4/9

θ1,d
C = 3/8 θ1,e

C = 5/8 θ2,f
C = 7/12 θ

2,g
C = 4/12

θ2,h
A = 1/12 θ2,h

B = 1/9 θ2,h
C = 1/12

x P ′(A|x) P ′(B|x) P ′(C|x) yθ
`
(x)

(d , f ) 10
27

5
8

4
12

7
27

3
6

4
9

10
27

3
8

7
12 C

(e,h) 10
27

3
8

1
12

7
27

3
6

1
9

10
27

5
8

1
12 C
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Interval Conditional Probabilities (Exercise 7)

1/P(yk |x)−1= ∑
k ′ 6=k

(
nk ′ +sεk

nk +sεk

(
nk +s
nk ′ +s

)M M∏
m=1

nqm ,m
k ′ +sεm,qm

k

nqm ,m
k +sεm,qm

k

)
,

1/P(yk |x)−1= ∑
k ′ 6=k

(
nk ′ +sεk

nk +sεk

(
nk +s
nk ′ +s
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Discriminative Models

Probabilistic Models:

l Estimate P(Y ,X )

l Chain rule (probability):

P(Y ,X )=P(Y |pa(Y ))
M∏

m=1
P(X m|pa(X m)) .

Extreme Cases:

l Discriminative models: Y 6∈ pa(X m), m ∈ [M]

l Generative models: pa(Y )=; and Y ∈ pa(X p), m ∈ [M].

Model Families:

l How to encode/parametrize P(Y |pa(Y )) and P(X m|pa(X m)).

l How to estimate P(Y ,X )=P(Y |X )P(X ) from training data.
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Discriminative Models: Structure (Exercise 8)

Let’s start with an example where one wishes to model

P(Y ,X )=P(Y ,X 1,X 2,X 3,X 4) .

Chain rule (probability):

P(Y ,X )=P(Y |pa(Y ))
M∏

m=1
P(X m|pa(X m)) .

X 1 X 2

X 3 X 4 Y

l pa(Y )=???,

l pa(X 1)=;, pa(X 2)=???
l pa(X 3)=???
l pa(X 4)=???

Chain rule gives us
P(Y ,X )=??? .
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Discriminative Models: Structure (Solution 8)

Let’s start with an example where one wishes to model

P(Y ,X )=P(Y ,X 1,X 2,X 3,X 4) .

Chain rule (probability):

P(Y ,X )=P(Y |pa(Y ))
M∏

m=1
P(X m|pa(X m)) .

X 1 X 2

X 3 X 4 Y

l pa(Y )= {X 2,X 3,X 4}

l pa(X 1)=;, pa(X 2)= {X 1}

l pa(X 3)= {X 1}

l pa(X 4)= {X 2,X 3}

Chain rule gives us

P(Y ,X )=P(Y |X 2,X 3,X 4)P(X 1)P(X 2|X 1)P(X 3|X 1)P(X 4|X 2,X 3) .
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Classification Task (Exercise + Solution 9)

Prove that

P(y |x)=P(y |pa(y)) . (9)

We have

P(y |x)= P(y ,x)∑
y ′∈Y P(y ′,x)

(10)

= P(y |pa(y))
∏M

m=1 P(xm|pa(xm))∑
y ′∈Y P(y ′|pa(y ′))

∏M
m=1 P(xm|pa(xm))

(11)

=
∏M

m=1 P(xm|pa(xm))P(y |pa(y))∏M
m=1 P(xm|pa(xm))

∑
y ′∈Y P(y ′|pa(y ′))

(12)

= P(y |pa(y))∑
y ′∈Y P(y ′|pa(y ′))

(13)

=P(y |pa(y)) . (14)
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Compute Entropy (Exercise 10)

l Entropy of a node Dh ⊂D with P(Y |Dh)

UE(P(y |Dh))=− ∑
y∈Y

P(y |Dh) log2 (P(y |Dh)) .

l Entropy of the bottom left node is ???
l Entropy of the top node is ???
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Compute Entropy (Solution 10)

l Entropy of a node Dh ⊂D with P(Y |Dh)

UE(P(y |Dh))=− ∑
y∈Y

P(y |Dh) log2 (P(y |Dh)) .

l Entropy of the bottom left node is 0
l Entropy of the top node is −0.5 log2(0.5)+0.5 log2(0.5)= 1
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