THIS 15 YOUR MACHINE LEARNING SYSTET?

YUP! YOU POUR THE DATA INTO THIS BIG
PILE OF LINEAR ALGEBRA, THEN COLLECT
THE ANSWERS ON THE OTHER SIDE.

WHAT I THE ANSLERS ARE LJRONG? )

JUST STIR THE PILE UNTIL
THEY START LOOKING RIGHT.
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Generative Models Structure (Exercise 1)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 X*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y)) [] P(X"Ipa(X™)).
m=1

pa(Y)=g8,pa(X") =9
pa(Xz) =777

pa(X®)=?
pa(X*) =7
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Generative Models Structure (Exercise 1)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 X*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y)) [] P(X"Ipa(X™)).
m=1

pa(Y)=9,pa(X") =9

[ ]
. pa(Xz):???
o pa(X3)=?
. pa(X4):
Chain rule gives us
P(Y,X)=777.

Uncertainty Reasoning and Machine Learning @
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Generative Models Structure (Solution 1)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 x*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y H1PX’"|pa (X™M).
m=

pa(Y) =9, pa(X")=¢
pa(X?)=1Y, X"}
pa(X3)=1Y, X"}
pa(X*) =Y, X2, X3}

Uncertainty Reasoning and Machine Learning @
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Generative Models Structure (Solution 1)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 x*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y H1PX’"|pa (X™M).
m=

pa(Y)=9,pa(X') =9
pa(X?)=1Y, X"}
pa(X3)=1Y, X"}
pa(X*) =1Y, X2, X5

Chain rule gives us
P(Y,X)=P(Y)P(X")P(X2 Y, X" )P(X3 Y, X" ) P(X* Y, X2 X3).

Uncertainty Reasoning and Machine Learning @
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MLE with Examples (Exermse 2)
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& ={A B, C}
e '=1{d, e
o X2=1{f,g,h
n|ly X' X
1|l A d f
2/A d g
3| A e g
4| B d f
5/ B e ¢
6/ C d f
7/C e f
8/ C e ¢
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MLE with Examples (Exermse 2)
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@:{A,B’C} nA=3 n5=2 nc=3
0%1={d,e} 9A=3/8 9321/4 9023/8
o X2=1{f,g,h
nly X' X
1A d f
2/A d g
3| A e g
4, B d f
5/ B e ¢
6| C d f
7/C e f
8/ C e ¢
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MLE with Examples (Exermse 2)
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% ={A, B, C} na=3 ng=2 nc=3

° 3{1={d el 9A=3/8 9321/4 9023/8

o X2=1{f,g,h} nl"d:z nye=1 Hl"d=2/3 0,°=1/3
nly x' x2 ny? =1 Le=1 |0%=12 0L°=1/2
1A d f ngd:1 e_o 91C,d:1/3 egezz/s
21A d g 2 =17 P9=177 | 02T =117 029 =177
3|A e g A A A
4B d f ndf=17 n29=177 | 63 =27 039=17
5/B e g g =11 n29=17 | 03 =7 0%9=17
6/C d f

7/C e f

8/ C e ¢
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MLE with Examples (Exercise 2)
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.@:{A,B,C} nA=3 nB=2 nC:3
o 2 =1de 0a=3/8 Op=1/4 Oc=3/8
o Z2={f,g,h} nl"d:z nl"e=1 Hl"d=2/3 Hl"e=1/3
nly x' x2 nt?=1  nlf=1 |0%=12 0L°=1/2
1A d f ngd:1 ngezz 91C,d:1/3 egezz/s
21 A d g BT =7 297 | 02 =117 929 =777
3| A e 9 gf ég éf g\g
2B d 1 n2' =277 n29=7 | 63" =177 629=77
5/B e g g =11 n29=17 | 03 =7 0%9=17
6/ C d f
7/C e f e =177 2l =177 ng":???
8| C e g 2.h 2.h 2,h _

05" =177 05" =177 9%M =772

Uncertainty Reasoning and Machine Learning %
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MLE with Examples (Solution 2)

% =1{A B,C} na=3 ng=2 nc=3

o 2 =1de 0a=3/8 Op=1/4 Oc=3/8

o Z%=1{f,g,h} ny=2 n®=1]0y%=2/s 0,°=1/3

nly x' X2 nt9=1 nle=1|05%=1/2 03°=1/2
,d , ,d ,

; 2 g f n1C =1 n1ce=2 610 =1/3 91Ce=2/3

3|A e 3 =1 =2 0y =1 0,0 =23
of 2,0 _ 2,f _ 2,9 _

4B d f ng =1 ng'=1]6g =12 059=1/2
2 f 2, f 2,

2 2 (ej ? =2 n¥9=1|06% =23 09=1/s

7/C e f

8/ C e ¢
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Conditional Probabilities (Exercise 3)

Given x = (x"9,...,xMam) for any y¥ e o

ey 0L
P(y"Ix) = M omam
ZykrE@ ek/ Hm=1 Gkr

M
x P'(y*Ix)=0, TT 0,79, (1)
m=1

Uncertainty Reasoning and Machine Learning @
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Conditional Probabilities (Exercise 3)

Given x = (x"9,...,xMam) for any y¥ e o
0, HM 9’" ,Gm
Yy cw Ok TV, 079

6a=3/8 Op=1/a 0c=3/s
09 =2/ 0y°=1/3 |65 =1/3 639=2/3
oL =1/2 oL°=1/2 | 6% =1/2 629=1)2
0L9=1/3 0L°=2/3| 6% =2/3 029=1/3

05"=0 63"=0 6%"=0

M
P(y¥|x) = P'(y Ix)=0, [T 0,9, (1)
m=1

x | P(Alx) P(Blx) P'(Clx)
(d,f) | 22?2 ?2?? 272
(e,h) | 27?2 227 227

Uncertainty Reasoning and Machine Learning @
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Conditional Probabilities (Solution 3)

Given x = (x"9,...,xMam) for any y¥ e o
0, HM 9’" ,Gm
Yy cw Ok TV, 079

6a=3/8 Op=1/a 0c=3/s
09 =2/ 0y°=1/3| 65 =1/3 639=2/3
oL =1/2 oL°=1/2 | 6% =1/2 629=1)2
0L9=1/3 0L°=2/3| 6% =2/3 029=1/3

05"=0 63"=0 6%"=0

M
P(y¥|x) = Py ix)=0, [T 0], (2
m=1

X P'(Alx) P'(BIx) P'(Cix)
(d,f) 1/12 1/16 1/12
(e h) 0 0

Uncertainty Reasoning and Machine Learning @
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Optimal DeC|S|on Rules (Exermse 4)

If £(y,y*) =1(y* # y¥), then (See Lecture 3+Check!)

y8(x) = argmax P'(y¥|x)
ykewy

Uncertainty Reasoning and Machine Learning @



Naive Bayesian/Credal classifi

2y
Naive Bayesian classifier N i ’ heudiasyc

Optimal Decision Rules (Exermse 4)

If £(y,y*) =1(y* # y¥), then (See Lecture 3+Check!)

y8(x) = argmax P'(y¥|x)
ykewy

x | P(Ax) P'(BIx) P'(Clx)

(d,f) 1/12 1/16 1/12
(e h) 0
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Optimal Decision Rules (Exercise 4)

If £(y,y*) =1(y* # y¥), then (See Lecture 3+Check!)
y8(x) = argmax P'(y¥|x)
ykewy

x | P(Ax) P'(BIx) P'(Clx)

(d,f) 1/12 1/16 1/12
(e h) 0 0 0

o If x=(d,f), then
y8(x) =277, 3)
e If x=(e h), then

y8(x) =277, (4)

Uncertainty Reasoning and Machine Learning @
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Optimal Decision Rules (Solution 4)

If £(y,y*) =1(y* # y¥), then (See Lecture 3+Check!)
y8(x) = argmax P'(y¥|x)
ykewy

x | P'(Ax) P'(BIx) P'(Clx)

(d,f) 1/12 1/16 1/12
(e, h) 0 0 0

o If x=(d,f), then
y8(x) = either Aor C, (5)
o If x=(e, h), then

¥8(x) = not well-defined , (6)

Uncertainty Reasoning and Machine Learning @
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Naive Bayesian classifier

NBC + DM (Exercise 5)
Ok := (ne+1/3)/(N+1), 009 = (7)1 ™) [ (m+1).

heudiasyc
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NBC + DM (Exercise 5)

heudiasyc

Ok = (+1/3)/(N+1), HT’qm = (n?’qm+1/\5{’"\)/(nk+1)'

o % ={AB,C} na=3 ng=2 nc=3
o —(d, e} 6A=10/27 BB=7/27 HC=10/27
[ ] %2:{f;g)h} njq’dzz n;lq'e:'l HL'dZS/B 9/14'6:3/8
nly x' x2 nfg’d =1 n;;e 1 9;3,0/ =3/6 9113'6 =3/6
1A d f ngd =1 nge =2 egd =3/g 936 =5/8
g 2 : g mR'=1 n9=2]03" =177 039=177
2B d f =1 n29=1| 6% =7 29=172

2,f _ 2,9 _ 2f _ 2,9
2 2 : ? nz'=2 nZ9=11]06%" =177 629=77
71C e f "=0 ng"=0 n3'=o0
8| C e g 2,h _ 2,h _ 2,h _

Oy =217 05 =177 0¢ =777
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NBC + DM (Solution 5)

Or = (c+1/3))(N+1), O = (P 1) (1)
.@/z{A’B,C} I'IA=3 n3=2 nc=3
o 2 =1(d el 0a=10/27 Op=7/27 O¢c=10/27
[ ] %2:{f;g)h} n;lq'd: n;lq'e:'l 9/14'd25/8 9/14’623/8
nly x' x2 ngd =1 nk®=1 egd =36 05°=3/6
1 A d f ngd = née = 2 egd = 3/8 910’6 = 5/8
g 2 : g =1 n9=2|62" =412 639=7/12
4B d f Mg =1 ng?=1| 05'=4s 05°=4s
2 CB; : Qf) na' =2 ng’g =1 6% =7/12 Hzc'g =4/12
; g Z f "=0  n3"=0 n%'=0
2,h 2,h 2,h
9 0y =112 05 =19 02 =1/12
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Conditional Probabilities (Exercise 6)
Given x = (x"9,...,xMam) for any y¥ e o
Hk HM Qm ,Am

M
x P'(y*Ix)=0, [T 0. (7)
m=1

P(yklx)z HQO

S ypea Ok 1Y, 07
0a=10/27 Op=7/271 6Oc=10/27

0,9 =58 6y°=3/8 | 65 =4/12 629=7/12

0L9=3/6 05°=3/6 | 63'=4/0 629=4/9

0L9=3/s 0L°=5/8 | 6% =7/12 629 =412

05" =1/12 03" =1/ 0%"=1/12

x | P'(Ax) P'(BIx) P'(Cix) | y8(x)
(d,f) 77?7 ?7?? ?77? ?'7?
(e,h) | 2?7 77?7 ?27? ?77?

Uncertainty Reasoning and Machine Learning @ ’ utc
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Conditional Probabilities (Solution 6)

Given x = (x"9,...,xMam) for any y¥ e o

BKHM em ,Qm M

< P'(y¥Ix)=0x [T 0,7 (8)
Lyoew Ok l_[m:1 gl,(r/l i m=1 K
=10/27 Og=7/271 Oc=10/27

0,9 =58 0.°=3/8 | 65 =4/12 629=7/12
L9 =3/6 05°=3/s | 63'=4/o egg =4/o
0u9=3/s 0L°=5/8 | 6% =7/12 629 =412

92”’ =1/12 92”’ =1/9 92”’ =1/12

P(y¥1x) =

x | P'(Ax) P'(Bix) P'(Clx) | yg ?(x)
(@f | 854 734 1037

’ %877 8y #HEP?
(eh) | 27875 2769 27812 C

Uncertainty Reasoning and Machine Learning @
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Interval Conditional Probabilities (Exercise 7)

1/POMx)—1= 3

, m,
(nk,+sgk(nk+3)"/’ Mol 1 sell qm)

K'#k Nk +SEk ] m=1 nq'"' +S€m m

— , —m,
1/P(ykix)y—1= ) nk'+sek(”k+s)M ul "Z” +sg, "
PyMx)—1= Y Y, S
Kk \ Mk +se \n +s) g2y pdm™ +S€mq'"
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Interval Conditional Probabilities (Exercise 7)

1/POMx)—1= 3

, m,
(nk,+sgk(nk+3)"/’ Mol 1 sell qm)

K'#k Nk +SEk ] m=1 nq'"' +S€m m

— , —m,
1/P(ykix)y—1= ) Mk + S€k ”k+s)M ul ”ﬁ’” +sg, "
P(ykIx)—1= KTk
kzi\ M+ seg \no+s) - 2y pImm +S€mqm

s=1 ¢,=0.01 €=099 nyg=3 ng=2 nc=3

nl"d =2 njq’e =1 ni’f =1 ni’g =2

nbd=1 nle=1|nd =1 n%9=1

n2d= 1C =2 nch—2 nzcg—1

2h_ 2h _
=0 ng = 0 ng = 0
x | P(Alx) B(le) P(CIx) | P(Alx) P(BIx) P(Clx)

(d,f) | 772 272 272 272 272 272
(e h) 297 2?7 277 297 27?? 27?

Uncertainty Reasoning and Machine Learning



Bayesian/Credal classifiers Decision Trees

r Naive Credal classifiers 4 heudiasyc
Interval Conditional Probabilities (Solution 7)

1/POMx)—1= 3

, m,
(nk,+sgk(nk+3)"/’ Mol 1 sell qm)

K'#k Nk +SEk ] m=1 nq'"' +S€m m

— , —m,
1/P(ykix)y—1= ) nk'+sek(”k+s)M ul "Z” +sg, "
PyMx)—1= Y Y, S
Kk \ Mk +se \n +s) g2y pdm™ +S€mq'"

Uncertainty Reasoning and Machine Learning @



Naive Bayesmn/CredaI classifiers Decision Trees

r Naive Credal classifiers R heudiasyc
Interval Conditional Probabilities (Solution 7)

1/POMx)—1= 3

, m,
(nk,+sgk(nk+3)"/’ Mol 1 sell qm)

K'#k Nk +SEk ] m=1 nq'"' +S€m m

— , —m,
1/P(ykix)y—1= ) Mk + S€k ”k+s)M ul ”ﬁ’” +sg, "
P(ykIx)—1= KTk
kzi\ M+ seg \no+s) - 2y pImm +S€mqm

s=1 ¢,=0.01 €=099 nyg=3 ng=2 nc=3

nl"d =2 njq’e =1 ni’f =1 ni’g =2

nbd=1 nle=1|nd =1 n%9=1

n2d= 1C =2 nch—2 nzcg—1

2h_ 2h _
=0 ng = 0 ng = 0
x | P(Alx) B(le) P(CIx) | P(Alx) P(BIx) P(Clx)

(d,f) | 772 272 272 272 272 272
(e h) 297 2?7 277 297 27?? 27?
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Discriminative Models

Probabilistic Models:
e Estimate P(Y, X)
e Chain rule (probability):

M
P(Y,X)=P(YIpa(Y)) [T P(X"Ipa(X™)).
m=1
Extreme Cases:

o Discriminative models: Y ¢ pa(X), me [M]
e Generative models: pa(Y) =@ and Y e pa(XP), me [M].

Model Families:
o How to encode/parametrize P(Y|pa(Y)) and P(X™|pa(X™)).
e How to estimate P(Y, X) = P(Y|X)P(X) from training data.

Uncertainty Reasoning and Machine Learning @
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Discriminative Models: Structure (Exercise 8)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 X*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y)) [] P(X"Ipa(X™)).
m=1

e pa(Y)=1777,

. pa(X1):¢ pa(X2)=???
o pa(X3)=?

. pa(X4):
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Decision Trees ¢ héudias C
Discriminative Models: Structure (Exercise 8)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 X*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y)) [] P(X"Ipa(X™)).
m=1

e pa(Y)=1777,
. pa(X1):¢ pa(X2)=???
e pa(X®)=7
. pa(X4):
Chain rule gives us
P(Y,X)=77.

Uncertainty Reasoning and Machine Learning @
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Discriminative Models: Structure (Solution 8)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 x*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y H1PX’"|pa (X™M).
m=

pa(Y) = (X2 X3, x4
pa(X') =@, pa(X?) = (X"}
pa(X®) = (X"}

pa(X*) = (X2, X3}

Uncertainty Reasoning and Machine Learning @
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Discriminative Models: Structure (Solution 8)

Let’s start with an example where one wishes to model
P(Y,X)=P(Y, X", X2 X3 x*).
Chain rule (probability):

M
P(Y,X)=P(Ylpa(Y H1PX’"|pa (X™M).
m=

pa(Y) = (X2 X3, x4
pa(X') =@, pa(X?) = (X"}
pa(X®) = (X"}

pa(X*) = (X2, X3}

Chain rule gives us
P(Y,X)=P(YIX% X3 XHP(X")P(X21 X)) P(X3I X P(X*1X2, X3).

Uncertainty Reasoning and Machine Learning @
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Classification Task (Exercise + Solution 9)

Prove that
P(y1x) = P(ylpa(y)). 9)

Uncertainty Reasoning and Machine Learning @
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Decision Trees i héudias C
Classification Task (Exercise + Solution 9)

Prove that
P(y1x) = P(ylpa(y)). 9)
We have
P(yIx) = —Zy;({,’(xy),,x) (10)
_ Pylpa(y))Ty_; P(x"Ipa(x™)) (11)
Yyea P(y'Ipa(y’)) TIM_, P(x™lpa(x™))
_ T4 P(xipa(x™)P(yIpa(y)) (12)
H%:1 P(Xmlpa(xm))z.y’(—:@ P(y/lpa(y,))
___ Plypaly)) (13)
Yy P(y'lpaly’))
=P(ylpa(y))-

Uncertainty Reasoning and Machine Learning @ I utc
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Compute Entropy (Exercise 10)

e Entropy of a node Dy, < D with P(%|Dy,)

Ue(P(y1Dn)) =~ }_ P(yIDn)logz (P(yIDp)).
ye¥

> /
£ / GER

°-87c 0.2 0.4 0.6 o.8 1.0

pP(+)

e Entropy of the bottom left node is ??7?
e Entropy of the top node is 77?7

Uncertainty Reasoning and Machine Learning @
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Compute Entropy (Solution 10)
e Entropy of a node Dy, < D with P(%/|Dp)

Ue(P(yIDp)) = - Z@/P y1Dp)log, (P(y1Dp)) .
ye

1 e
e}/ G

/

°-87c 0.2 0.4 0.6 o.8 1.0

p(+)

o Entropy of the bottom left node is 0
e Entropy of the top node is —0.5log,(0.5) + 0.5log,(0.5) =1

Uncertainty Reasoning and Machine Learning @
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