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Conformal Prediction

Notions of Calibration with Examples (Exercise 1)

Basic setup (rephrased from an example in [3]):

l A dataset contains 40 instances

l A model h which partitions the input space into 4 regions:
# instances Predicted probabilities Class distributions

10 (0.3,0.3,0.4) (4,2,4)
10 (0.4,0.3,0.3) (3,4,3)
10 (0.4,0.6,0.0) (5,5,0)
10 (0.3,0.6,0.1) (2,7,1)

Question: Check if the following statements are correct

l h is not confidence-calibrated

l h is classwise-calibrated

l h is not distribution-calibrated

Uncertainty Reasoning and Machine Learning 2



Conformal Prediction

Notions of Calibration with Examples (Exercise 1)

Basic setup (rephrased from an example in [3]):

l A dataset contains 40 instances

l A model h which partitions the input space into 4 regions:
# instances Predicted probabilities Class distributions

10 (0.3,0.3,0.4) (4,2,4)
10 (0.4,0.3,0.3) (3,4,3)
10 (0.4,0.6,0.0) (5,5,0)
10 (0.3,0.6,0.1) (2,7,1)

Question: Check if the following statements are correct

l h is not confidence-calibrated

l h is classwise-calibrated

l h is not distribution-calibrated

Uncertainty Reasoning and Machine Learning 2



Conformal Prediction

Notions of Calibration with Examples (Solution 1.1)

Basic setup (rephrased from an example in [3]):

# instances Predicted probabilities Class distributions
10 (0.3,0.3,0.4) (4,2,4)
10 (0.4,0.3,0.3) (3,4,3)
10 (0.4,0.6,0.0) (5,5,0)
10 (0.3,0.6,0.1) (2,7,1)

Statement: h is not confidence-calibrated

P(y = argmax
y∈Y

θy |x such that max
y∈Y

θy |x =β)=β ,∀β ∈ [0,1] . (1)

l β= 0.4: P = (4+3)/20 = 7/20 6= 0.4

l β= 0.6: P = (5+7)/20 = 12/20 = 0.6
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Conformal Prediction

Notions of Calibration with Examples (Solution 1.2)

Basic setup (rephrased from an example in [3]):

# Instances Predicted probabilities Class distributions
10 (0.3,0.3,0.4) (4,2,4)
10 (0.4,0.3,0.3) (3,4,3)
10 (0.4,0.6,0.0) (5,5,0)
10 (0.3,0.6,0.1) (2,7,1)

Statement: h is classwise-calibrated

P(y such that θy |x =βy )=βy ,y ∈Y ,βy ∈ [0,1] . (2)

l y1 ∧β1 = 0.3: P = (2+4)/20 = 0.3, y1 ∧β1 = 0.4: P = (3+5)/20 = 0.4
l y2 ∧β2 = 0.3: P = (2+4)/20 = 0.3, y2 ∧β2 = 0.6: P = (5+7)/20 = 0.6
l y3 ∧β3 = 0.4: P = 4/10 = 0.4, y3 ∧β3 = 0.3: P = 3/10 = 0.3
l y3 ∧β3 = 0.0: P = 0/10 = 0.0, y3 ∧β3 = 0.1: P = 1/10 = 0.1
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Conformal Prediction

Notions of Calibration with Examples (Solution 1.3)

Basic setup (rephrased from an example in [3]):

# Instances Predicted probabilities Class distributions
10 (0.3,0.3,0.4) (4,2,4)
10 (0.4,0.3,0.3) (3,4,3)
10 (0.4,0.6,0.0) (5,5,0)
10 (0.3,0.6,0.1) (2,7,1)

Statement: h is not distribution-calibrated

P(y such that θ|x =q)=q ,∀q ∈4|Y | , (3)

l q = (0.3,0.3,0.4): P = (4/10,2/10,4/10)= (0.4,0.2,0.4) 6= (0.3,0.3,0.4)
l q = (0.4,0.3,0.3): P = (3/10,4/10,3/10)= (0.3,0.4,0.3) 6= (0.4,0.3,0.3)
l q = (0.4,0.6,0.0): P = (5/10,5/10,0/10)= (0.5,0.5,0.0) 6= (0.4,0.6,0.0)
l q = (0.3,0.6,0.1): P = (2/10,7/10,1/10)= (0.2,0.7,0.1) 6= (0.3,0.6,0.1)
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Conformal Prediction

A Note on Classifier Calibration (Exercise 2)

Consider three notions of classifier calibration:

l Confidence calibration [1]:

P(y = argmax
y∈Y

θy |x such that max
y∈Y

θy |x =β)=β ,∀β ∈ [0,1] . (4)

l Classwise calibration [4]:

P(y such that θy |x =βy )=βy ,y ∈Y ,βy ∈ [0,1] . (5)

l Distribution calibration [2]:

P(y such that θ|x =q)=q ,∀q ∈4|Y | , (6)

where 4|Y | is the |Y |-dimensional simplex.

Prove that these notions are equivalent for binary classification?
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Conformal Prediction

A Note on Classifier Calibration (Exercise 3)

Consider three notions of classifier calibration:

l Confidence calibration [1]:

P(y = argmax
y∈Y

θy |x such that max
y∈Y

θy |x =β)=β ,∀β ∈ [0,1] . (7)

l Classwise calibration [4]:

P(y such that θy |x =βy )=βy ,y ∈Y ,βy ∈ [0,1] . (8)

l Distribution calibration [2]:

P(y such that θ|x =q)=q ,∀q ∈4|Y | , (9)

where 4|Y | is the |Y |-dimensional simplex.

Prove that h(x)=P(Y ), ∀ x , is perfectly calibrated?
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Conformal Prediction
Calibration Errors Post-hoc Calibration

Calibration Error: The Binary Case (Exercise 4)

Basic setup:
l A given data set D= {

(xn,yn)|n = 1, . . . ,N
}

with y ∈ {0,1}

l The proportion of instances with y = 1 is 0.5+ε
l The decision rule is 0/1 loss ` and the number of bins is 10

Questions:
l Show that there is at least one classifier with

Binary-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 0.0

l Show that there is at least one classifier with

Binary-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 0.5−ε

l Can we find worse perfectly calibrated classifiers?
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Conformal Prediction
Calibration Errors Post-hoc Calibration

Calibration Error: The Binary Case (Exercise 5)

Basic setup:
l A given data set D= {

(xn,yn)|n = 1, . . . ,N
}

with y ∈ {0,1}

l The proportion of instances with y = 1 is α 6= 0.5
l The decision rule is 0/1 loss ` and the number of bins is M

Questions:
l Show that there is at least one classifier with

Binary-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 0.0

l Show that there is at least one classifier with

Binary-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)=min(α,1−α)

l Can we find worse perfectly calibrated classifiers?
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Conformal Prediction
Calibration Errors Post-hoc Calibration

Classwise Calibration Error (Exercise 6)

Basic setup:
l A given data set D= {

(xn,yn)|n = 1, . . . ,N
}

with y ∈ {0,1,2}

l The proportions of instances with (y = 0,y = 1,y = 2) are (α0,α1,α2)

l The decision rule is 0/1 loss ` and the number of bins is M
Questions:

l Can we find at least one classifier with

classwise-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 0.0

l Show that there is at least one classifier with

classwise-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 1−max(α0,α1,α2)

l Can we find worse perfectly calibrated classifiers?
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Conformal Prediction
Calibration Errors Post-hoc Calibration

Confidence Calibration Error (Exercise 7)

Basic setup:
l A given data set D= {

(xn,yn)|n = 1, . . . ,N
}

with y ∈ {0,1,2}

l The proportions of instances with (y = 0,y = 1,y = 2) are (α0,α1,α2)

l The decision rule is 0/1 loss ` and the number of bins is M
Questions:

l Show that there is at least one classifier with

Confidence-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 0.0

l Show that there is at least one classifier with

Confidence-ECE(D)= 0.0 and
1
N

N∑
n=1

`(y∗
n ,yn)= 1−max(α0,α1,α2)

l Can we find worse perfectly calibrated classifiers?
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Conformal Prediction
Calibration Errors Post-hoc Calibration

Empirical Binning (Exercise 8)

Basic Setup:

l Binary classification: Y := {0,1}

l Loss function: `(y ′,y)= 1(y ′ 6= y)

l Prediction: yθ
`
= 1(θy |x > 0.5)

Steps:

l Apply equal-width binning to θ1|x on D

l For each bin Bm −→ use y(Bm)

Question: Empirical Binning optimizes binary-ECE(D)?
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Conformal Prediction
Notions

Marginal Coverage (Exercise 9)

l Prove that if we always predict Ytest :=Y we can always produce
perfect conformal predictions w.r.t. the notion of marginal coverage
with any chosen significance level σ ∈ [0,1].

l Prove that if we know the prior distribution P(Y ), we can always
produce perfect conformal predictions w.r.t. the notion of marginal
coverage with any chosen significance level σ ∈ [0,1].
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